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By StanleyU.Benscoter
SumlAm
A solution.ispresentedforthemotionofa prismaticfloatof
infinitelengththatis&oppedverticallyintothewaterat zero trim.
A liftforce,sizmzlatingseaplanewinglift,isassumedtoacton the
floatandtoremainconstantduringtheimpactperiod.Thefloatis
assumedtohavea uniformassperunitof lengthanda uniformwinglift
perunitof length.Thesolutionisdeterminedforvaluesof thelift
ranghgfromzerotofullwinglift. Timevariationsoftheacceleration
havebeencomputedfora specificnumericalexemple.Thevalueof the
massratio(ratiofapparentwatermasstofloatmass)at theinstantof
maximumaccelerationisdetermhedingeneralform.Thevariatioq.of
.
maximumaccelerationwithsinkingspeediQ
amountsofwinglift.
.
mODUCTION
illustratedforverious —
Duringa rough=waterlandingofa seaplane,somestallingofthe
wingsmayoccurduringthesecondandsubsequent@acts. The~ng lift
becomeslessthantheweightoftheseaplane.Solutionsforthe..~imum
accelerationi smoothwaterlandingsareavailableforbothtwc+snd
three+iimensionalc sesof fluidflowwhenthewingliftequalsthe
weightof theseaplane(references1 and2). Thesesolutionsmaybe
convertedtorougkwaterlandingsby assuminga reasonableshapeforthe
wavesurface.Withpartial.wingliftthesolutionforthethree-
dimensions.1casebeccznesverycomplexmathematically.Theeffectof “-
partialwingliftuponthemaximumaccelerationccurringduringthe
impactisnotknown.However,thetwo-dimensionalc secanbe readily
-—
solved.Thissolutionoffersvaluablesuggestiormforthewritingof*
struct~aldesignspecifications.
. SYNBOLS —
a acceleration
c halfloadedwidth
c“ dimensionlessparameter
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accelerationduetogravity
momentumoffluid
wingliftfactor(L/W)
wingliftperunitlength
apparentwatermass
floatmassperunitlength
time
weightofifloatperunitilength
draftof float
dead+?iseangle
apparent+nasscoefficient
dimensionlessparsmeter
massratio (mfi)
Subscripts:
o instant ofentry (t= O)
. ..-
-
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-
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m instantofmaximumacceleration
A dotis sometimesusedtoindicatedifferentiationwithrespecto
time. -.
.
—
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Themagnitudeofallphysicalquantitiesisassumedtobe determined
by a consistentsystemofunits.
.
SOLUTIONOFD~ IALEQUATION
.
In thefollowlnganalysis,a two-dimensionalso utionofa float
enteri~wateris~dej thatis,a prismaticfloatof infinitelength
isconsideredto enterthewaterat zerotrimfroma verticaldrop.A
liftforceisassumedtobe distributedoverthelengthofthefloat
.incorrespondencetothewingliftina seaplanelandingandisassumed
toremainconstant-duringtheimpact.Thefloatis~sumed.tcrhavea
uniformassperunitoflengthanda uniformwinglift–perunit-of
length.A crosssectimof thefloatad coordinatesystemusedis
showninfigure1. Intheanalysis,theequationsarewrittenfora
unitsliceoffloatandoffluid.Thefloathasa mass M perunit
.
...—
..
.
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length.Thefluidisassumedtohavea totalmomentwnthat
definedintermsof anappsrentmass. In thepresentcase,
massmaybe consideredtobe themassoffluidcontainedin
3
canbe
theapptient
a halfcircular
cylinderas originallyintroducedby vonK&m& (reference1) andshown _
infigure1. Thefloatisacteduponby a liftforceL, itsown
weightW, andthewaterreaction.Forcessnddraftsarecoti”id%red ““-
tobe positivedownward.
-—
Theapparentmassisproportionaltothesquare oftheloadedwidth.
Consequently,withflat-sidewedgebottomfloats,theapparentmassis
alsoproportionaltothesquareof thedraft.Theappaentmassand .
momentumof a unitsliceof thefluidmaybe expressedinthefollowing
forms:
m =-GZ2
H =& }
(,1)
~ ordertowritean equationofmotiongoverningthe&tit of the
float,thefloatandthefluidmaybe consideredto forma singlesystem--——
thatisacteduponby theexternalforcesW and L. I?ewtonfslawon
therateofchsmgeofmomentumaythenbe writtenforthesystem-as-
follows:
-..
&(M; +ti)= W-L (2)‘—
Thfsequationcouldbedevelopedlya somewhtdifferentargument.The
seccmdterm ~ (M) representstherateofchangeofmcnnentumofthe
fluidandthusmaybe regardedas theforceexertedonthefluidbythe
float.Ifthisquantitywereprecededbya negativesignitwouldbecome
theforceexertedhythefluidon thefloatsndwouldbewrittenonthe
righ~d sideoftheequation.Theright-handsidewouldtienrepre-
sentaid.of theforcesactingonthefloat.Theequationwouldthenbe
regsrdedas anapplicationfNewton*slawofmotionto thefloatitself– – ““
A fairlylage amountof experimentalevidenceisavailableto
justifytheuseofthisidealfluidtheory.Testresultsobtainedin
theNA.CAimpactbasinhaveshowngoodagreementwiththeory.Theproblem “-
of thethree-dimensionalc seforf@.1wingl~t hasbeensolved~~ ‘- ‘-”-.—
comparedwithexperimentinreference2.
—
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thesolutionoflthedifferentialequationTheinitial
ereasfollows:
conditionsfor
when t = O,
.—
w
z =0
(3)
—
Theinitialvelocityandinitialacceleration
Theliftmaybe expressedby theproduct
hereintn..vsxyfromO to1. Introducing
performingtheindicateddifferentiation
areassumedtobe lmown.
where k isconsidered
valueintoequation(2)and
kw
this
gives
.-—
(1- k)W (4)
—.
.
Thisequationisnonlinembut-maybe readilyconvertedintoan inte-
grableform. It isconvenientindevelopingthesolutionofthisequ+
tiontointroducethedimensionless
accelerationao:
m“ --andtheinitial-massratio u
m
G
(1- k)g
(5)
(6)
theformulas(5)
a. ‘ i. =
Dividingthroughequatimn(4.)by M
snd (6) gives
andinserting
.-
—
.
(7)
.
Thisequationmaybe integratedto obtainthefollow@gfortiafor
velocity:
ho+ aot
i= (8)
l+U
.-
—.
..
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Ih thisequationtheappropriatevalueoftheconstantof integration
hasbeenintroduced.
Theequationforvelocity
relationshipbetweendraftand
thefollowingform:
.(l+~)
mayagainbe integratedto obtainthe
tti. Equation(8) maybe writtenin
—.
[ )dz= ;O+ aot dt (9)
Aftersfistitutionf equations(1)and (5), equation(9) maybe inte-
gratedtogivethefollowhgformula: —
()zl+~ s&2=;ot+—~. 2 Q% ..-
Ih thiscasetheconstantof integrationis zero.Thisequationisa
cubicequationin z ora
convenientto solvefor t
t =-
quatiaticequationin t._Hence,it ismore
intermsof thedraft.Therefore,
~+w ‘“)
h thedesignofa seapl&ethequentity that is requiredisthe
valueoftheacceleration.Itmaybe notedthattheoriginalequation
ofmotionisl.ineerintheacceleration.Consequently,itmaybe solved”
to obtaina fozmndaforaccelerationi termsof draftsandvelocities.
Eqution(7) maYbe solvedfortheaccelerationto obta~
—
a. ;2 Q=— —— . (12)
1+~ l+~dz —
6 NACATN No. 1563 *
mom equations(1)and(~)it is seenthat~is relatedtothe
draftby theformula .
2
P== M
Differentiatingequation(13) gives
Substitutingequations(8) and (14) intoequaticm
formulaforacceleration:
a.ii=-- ~(izo + ao’i7)2
l+~z (1+ V)3
Equtlon(15) mayle regardedasa formulaforthe
oftimeanddraft.It isconvenienttuwllminate
a fomm.ilaforaccelerationi termsoi?thedrafty
---
(13)
(14)
(12)givesthefollowing
.
-.
accelerationi terms
~ ordertoobtain —..
— —
Equation(11)maybe rearrangedby transposingthefirsttwrmon
theright-handsideandsquaringbothsides. -—
-
(. )2 “2‘o+ aot = Z. ()+2aoz l+; (16) ““
Thisformulamaybe substitutedinto
-2pio2 +2=
Z(l+-W)3
equation(15) to obtain
(a. 3 -6P–P2 ) (17) “ .-J
3(1 + /
.
> thecorrespondingvalues OP ; cm.. —Ifverlouevalues of z sxeassumed,
be computed,usebeingmadeofequation(13) to determinep. Theasso-
ciatedvaluesof t maybe computedfromequation(11).Agraphlcal
relationbetweenaccelerationa dtimeBLELythenbe plotted.By useof
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.
formula(17) foracceleration,a formulamayhe readilyderivedforthe
hydrodynamicreactionforce.Theresultingforceformulawouldbein
agreementwiththatforthecaseofno winglift (a.= g) givenin”
—
reference3.
NUMERICALEXAMPLE .—
Forplotttngpurposes,it is convenientto expresstheacceleration
indimensionlessforjn.Dividingthroughequation(17) %y g gives
---Q()“2z -2P ‘o + (1- k)(3- 6W- ~2)-=g (1 + V)3 ‘z 3(1 + J (18) “
h orderto illustratethevariationofaccelerationwithtimea
simpleexsmplehasbeencomputed.Thefollowingvalueshavebeenassumed
forthefloatpropertiesandtheinitialconditions: ‘-——
.—._ _
.
.
Massoffloat,M, sl~sperfoot. . . . . . . . . . . . . . . . 100
App=entmasscoefficient,6, slugspercubicfoot.“.. . . . w . 20
Initialvelocity,2., feetpersecond. . . . . . l l l l l l “ l 12 ‘---
Wingliftfactor,k . . . . . . . . . . . . . . . . . . . . 1 or2/3
-.-
Thevalue k = 1 isforfullwinglift;whereas,thevalue k=: is
a reasonablereductionfactorforwinglifttobe usedin designpractice.
A graphicalrepresentationof thesolutionforthetwocasesis shownin
figure2. Itmayhe seenthatthereis somereductionin themaximum
accelerationwithpartialwinglift. However,theeffectis smallenough
tobe disregardedinmostpracticaldesigncases.
MA5SRATI0ATMAXIMUMACCELERATION
33 designpracticeitis actuallynecessaryto’knowonlythevalue
ofmaximumaccelerationthatoccursduringtheimpact.Thismaximum
valuemaybe fO~a
respectotimeor
by differentiatingthe-fornmla-
draftl Thisderivativeisset
foraccelerationwith
equalto zero.Thus,
(lg)
.
—
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Differentiationofequation(17)gives,‘aftersob rearrangementOP w..
—terms,
(20)
Thesubscriptm hasteenintroducedto indicatethatthevaluesof
thequantitiesarethosethat-Loccurattheinstantofmaximum
accelerateon.
Equation(13) showsthatthedraftmaybe expressedinterms
-——-.
Of”-u.Thus, .
—
(21)
Thisformulaholdstrueatallinstsnts,includingtheinstantof
msximumacceleration.Hence,itmaybe usedto eliminatethefactor~
in equation(20)by directsubstitutia.Theresultmaybe writtenin
thefollowingform: -.
.
. (15 - 10~m- )
r
VR12QGV022=C
3(5~ - ~) ao““M
(22) - “:
.—
TheparameterC.dependsupontheinitialconditionsandthefloat
.
properties.Insteadof solvingfor ~ it ismoreconvergenttoassume
—
—
vsrf.ousvaluesof ~ sndcomputethecorrespondingvaluesof C. Such
valuesareshowninthefollowingtableandsreplottedinfigure3.
.
b c
0.20
.22 19:94
.24 10.24
.26 6.99
.28 5.35
,30 4.28
.40 2.29
.~o 1.53
.60 1.12
.80 .63
1.00 l 33
1.20 “ .11
1.32 0
.-
.
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Equation(22)showsthatforfullwinglift (a.= 0), ~ must
thevalue0.2. Thisuniversalvalueof ~ wasori@nallygiven —
inreference3.
-.
MAXIMUMACCELERATION
A formlafortherelativeaccelerationat enytistantisgivenby
equaticm(18). Thevslueof ~ as determinedfromequation(22)~
be substitutedintoequation(I_8)to determinethemaximumacceleration.
However,it ispossibleto developa simplifiedfo~a fortheaccelera-_.._
tionwhichis --- ‘- - ““- - “ ‘ - “ . ,.
Equation
lowingform:
appucaue onlyatme mstanzormaxmumacce~era~lon.
(2o)maybe rewrittenby useof equaticm(6), in thefol–
“ 2 (1- k)(ls- 10~- %2)Zo
—= (27)
.
Substitutionf thisequation
terms,
.
*
In-orderto showthe
speed Zo, theparameter
where
.
3(511’m- 1)
-.
intoequation(18) gives,titercabining
1 -k=-— (24)
5%-1
vsriationofaccelerationwithsinkingspeed
C! (equation (22))maybe eqmessedas
C=’(+I) (25)
—
k, theparameterC maybe determinedforFora particularvalueof
vaiousassumedvaluesof q fromeqzation(25).Thecorrespcmding
valuesof ~ mayle determinedfromequation(22)sndsubstitutedinto ‘
10
equation(24)to obtainacceleraticrm.
plottedagainstheparameterq. Such
exeshowninfigure4.
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Theseaccelerationsmaythenbe
graphs,forvariousvaluesof k,
At fullwinglift,equatim(24)becomesindeterminate.The
valuesk =1 and ~= 0.2 wiybe sul.istituted”titoeq zation(28).
h%roducingequaticms(21)and (26) givestheformula
Forthiscasethegraphinfigure4 isa straightline.
CONCLUSIONS
(27)
Theverticaldropofa prismaticfloatof infinitelengthwith
constantpartialwdnglifthasbeenanalyzedto deteminethemaximum
acceleration.Thefloatisassumedtohavea uniformassperunitof
lengthanda unifm.mwinglift~erunit~f--length.Themassratioat “-
theinstantofmaximumaccelerationisfoundto dependupona single
dimensionlessparameterinvolvlngtheinitialconditionsandthefloat
properties.Thesolutionshowsthatpartialwingllftmayhavea small
effectuponthemaximumacceleration.Theeffectissmallenough,
however,tobe disregardedinmst practicaldesigncases.
Iamgleyl@norialAeronauticalIaborato~
NationalAdviso~CcmmitteeforAeronautics
LangleyField,Ta.,Februa~5, 1948
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Figure l.- Two-dimensional float
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Figure 2. - A~Celera+ion6 with full
and paPtial wing lift.
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